We study the largest Lyapunov exponent λ and finite size effects for a system of N fully-coupled classical particles. The system shows a phase transition (PT) from a clustering phase to a homogeneous one as the energy per particle U is increased. Around the PT region, λ shows a peak which persists for very large N -values (N = 20000). We show, both numerically and analytically, that chaoticity is strongly related to kinetic energy fluctuations. At small energy, λ goes to zero with a N -independent power law behavior: λ ∼ √ U .
tion. Finally, we find an interesting discrepancy between the canonical and the microcanonical ensemble predictions in the PT region, which is strongly reduced for N < 500. This is of particular relevance in nuclear physics for the multifragmentation phase transition.
PACS numbers: 05.70.Fh,05.45.+b Recently, the interest in Phase Transitions (PT) occurring in finite-size systems and the study of the related dynamical features has stimulated the investigation of the so far obscure relation between macroscopic thermodynamical properties and microscopic dynamical ones.
In this respect several papers appeared in the recent literature in various fields ranging from solid state physics [1] [2] [3] [4] [5] [6] [7] [8] [9] to lattice field theory [10] and nuclear physics [11, 12] , where there is presently a lively debate on multifragmentation phase transition [13] [14] [15] [16] . The general expectation is that there is a close connection between a rapid increase of chaoticity at the microscopic level and the increase of fluctuations at a PT. The behavior of the Largest Lyapunov Exponent (LLE) seems to be different according to the order of the transition, i.e. smooth for first order and cuspy for second order [3, 7, 8, 10, 12] . In this latter case some universal feature has also been found [12] . In order to connect dynamical properties of systems of size N to bulk phase transitions one has to explore the Continuum Limit (CL), N → ∞. This unfortunately is not always possible due to computer time limitations and has been done very rarely. In the present letter we present numerical investigations of the Ndependence of the LLE, λ, up to N=20000, a size for which we already observe convergence to the CL. We have investigated a toy model consisting of N classical particles moving on the unit circle and interacting via long-range forces [5] . This model shows a PT from a clustered phase to a homogeneous one as a function of the energy per particle U = E/N. This PT has been claimed to be of 2nd order in the canonical ensemble (CE) [5] . Some results for the LLE of systems of moderate sizes (N ≈ 100) have already been published [6] .
The model, though relatively simple, has very general properties which enable us to explore the connections between PT and dynamical features in finite systems. The main results of this letter are:
1) The system is strongly chaotic below the canonical PT energy U c T . The peak at U c T in λ(U), found in [6] for small systems, show a tendency to flatten and to shift to smaller U values as N increases, reaching saturation at N = 20000.
2) The increase of the LLE is related to a growth of kinetic energy fluctuations both above and below the PT.
3) For U << U c T , λ → 0 as U α where the exponent has been fitted to α = 0.5. No dependence on the system size is found in this regime. A similar result was found for the the logistic map [17] and other systems [12] .
4) Apart for a small region around U ≈ 1, the LLE vanishes over the whole high energy phase as N → ∞.
. This behavior is explained by means of a random matrix approximation [18] .
6) A discrepancy is found between the predictions of microcanonical ensemble (ME) and canonical ones in the CL close to the PT. In the ME the PT is likely to be of 1st order.
A similar result was found originally by Thirring [19] and more recently by several other authors [16, [20] [21] [22] . However, we find that, for N < 500, this discrepancy is strongly reduced and the ME numerical experiments mimic CE predictions simulating a 2nd order PT. This is a very important finding for the present debate in the nuclear physics community on multifragmentation [11] [12] [13] [14] [15] [16] .
The Hamiltonian we consider is the following
where
are the kinetic and potential energies. The model describes the motion of N particles on the unit circle: each particle interacts with all the others. One can define a spin vector associated with each particle m i = (cos(q i ), sin(q i )) . The Hamiltonian then describes N classical Heisenberg XY spins and a ferromagnetic-like or an antiferromagnetic-like behavior according to the sign of ǫ = ±1 [5] . In the following we will consider only the ferromagnetic (attractive) case ǫ = 1. Results concerning the case ǫ = −1 will be discussed elsewhere [23] .
The order parameter is the magnetization M,
It is convenient to rewrite the potential energy V as
The equations of motion can then be written as
In order to calculate the LLE one must consider the limit
the metric distance calculated from the infinitesimal displacements at time t. Therefore, one has to integrate along the reference orbit the linearized equations of motion
where the diagonal and off-diagonal terms are
Expression (7) can also be written for convenience as:
where the phase of M is Φ = arctg(M y /M x ). We have integrated Eqs. (4), (6) using a fourth order symplectic algorithm [24] with a time step ∆t = 0.2, adjusted to keep the error in energy conservation below ∆E E = 10 −5 . The LLE was calculated by the standard method of Benettin et al. [25] . The average number of time steps in order to get a good convergence was 10 5 . We discuss in the following numerical results for system sizes in between N=100 and N=20000. In fig. 1(a) we plot the caloric curve, i.e. the temperature as a function of U, and we compare it with the theoretical prediction of the CE [5] . One observes a discrepancy in the PT region between the CE theoretical curve and ME numerical calculations as N grows.
Below U c T the temperature has a peak and then a rapid descent which produces a region with negative specific heat. This discrepancy is also evident in the inset of fig. 1 , where we display the CE prediction for the order parameter M in comparison with the numerical simulations. The possibility of such disagreement was first pointed out by Thirring in the 70s [19] . More recently other authors have found a similar result [16, [20] [21] [22] , which seems to be rather general for systems with long-range forces. This implies that, in the ME, the transition is of 1st order in the CL. However, it is important to stress that for small-size systems (N < 500) the discrepancy between the two ensembles is strongly reduced and no negative specific heat region exists. The finiteness of the system mimics a continuous transition with a critical energy very close to the one predicted in the CE, U c T = 0.75. The same conclusions can be drawn from the magnetization curve. In any case, also in the CL one can clearly see that there is a PT from a clustered phase to a homogeneous one at U T ≈ 0.7, with a tentative reappearence of the cluster around U ≈ 1. A possible heuristic interpretation of this result is that, at variance with large systems, small systems cannot well accomodate the two phases (liquid/gas), so that no coexistence is possible and one passes smoothly from one phase to the other as in 2nd order PT.
This finding could help nuclear physicists in understanding the puzzling signatures of second order PT which have been observed for nuclear multifragmentation [12, 13] . In the nuclear case, one has a hot unstable system of ∼ 100 − 200 particles (nucleons) interacting via long-range forces (Coulomb and nuclear) which is expected to show a liquid-gas first order PT. The experimentally measured caloric curve is very similar to that one found for the model studied in this letter with N=100 [14] . A detailed discussion of this point is beyond the scope of this letter and it will be published elsewhere [23] .
We have studied how finite-size effects influence the behavior of the LLE. In fig. 2(a) we plot λ as a function of U for various N values. For very small and very large energies the system is integrable, the Hamiltonian reducing to that of weakly coupled hamonic oscillators in the former case and to that of free rotators in the latter. In the region of weak chaos, up to U ≈ 0.3, the curve has much weaker N-dependence. Then λ changes abruptly and a region of strong chaos begins with a well defined but size-dependent peak. We observe a pronounced cuspy behavior for N = 100 [6] , which becomes smoother for N = 20000 [26] .
For U greater than U c T , the LLE goes slowly to zero as U increases. The location of the maximum depends on the size. One goes from a peak at U ≈ 0.7 for N = 100 to a plateau centered at U ≈ 0.5 for N = 20000 (the maximum λ is slightly reduced in the CL). The standard deviation of the kinetic energy per particle σ(K)/ √ N is plotted in fig. 2 
(b). In the low energy region this quantity is in agreement with the CE calculation σ(K)/
In correspondence to the Lyapunov peak, we observe also a maximum of kinetic energy fluctuations. The shift to lower U values with increasing N, observed in the peak of λ, is also found in fig. 2(b) for the kinetic energy fluctuations. Thus, probes of chaotic behavior and thermodynamical quantities close to a PT are strongly related. In particular, the LLE is strongly correlated to kinetic energy fluctuations in our model. For N=20000, we find also a second peak around U ≈ 1, which corresponds to the one observed in the magnetization (inset of fig. 1 ). The physical origin of this second peak is not clear at the moment.
We discuss here an intuitive interpretation of the relation between LLE and kinetic fluctuations. Each of the linearized equations (6) contains diagonal (7) and off-diagonal (8) terms. Since the off-diagonal terms result from a sum of incoherent terms, we can, in a first approximation, neglect them. The diagonal term is of order M 2 (see (7), (9)) and in our model it has average < M 2 >= T + 1 − 2U. If this term would be constant in time, the LLE would be zero. In fact in this case one gets the equations for uncoupled harmonic oscillators.
However, there are fluctuations which give a non-zero coupling, whose standard deviation σ(M 2 ) is related to the one of the kinetic energy. In fact we have σ(M 2 ) = 2σ(K)/N. This indicates that the LLE is related to kinetic energy fluctuations, but this relation is not simple and quite difficult to extract analitically. If one goes to the low energy phase (U < 0.3) it is possible to work out a more stringent relation. In this case, each of the components of the tangent vector sum up incoherently to give for the average growth a term of the size
It is then quite natural to associate the Lyapunov exponent to the inverse time-scale given by the fluctuations of the average growth
Then, substituting the CE estimation for kinetic energy fluctuations in Eq. (10), we get
√ U. We have tested numerically this prediction (see fig.3(a) ). The 1/2 power law at small U values is fully confirmed, though the estimate of the constant in front is only qualitative. In general, we have checked numerically that off-diagonal terms (9) cannot be completely neglected (expecially beyond U = 0.3). This latter important remark is also relevant for the application of a recently derived formula for the LLE [7, 8, 10 ] (see also [9] , [23] ). A very similar power law behavior was also found for the logistic map [17] and for other systems [27] . One can explain this similarity by the fact that, at very low energy, very few Lyapunov exponents are positive [23] , therefore the system is effectively one dimensional.
At variance with the N-independent behavior observed at small energy U, strong finite size effects are present for large energies, above U c T . In fig.3(b) we show, for U >> U c T , how the LLE goes to zero as a function of N. We also plot in the same figure a calculation of the LLE using a random distribution of particle positions q i on the circle in the equations for the tangent vector (6) . The agreement between the deterministic estimate and this random matrix calculation is very good, expecially for U ≥ 10. We find also that λ scales as N fig. 3(b) . The reason why this occurs can be explained by means of an analytical result obtained for the LLE of product of random matrices [18] . If the elements of the symplectic random matrix have zero mean, the LLE scales with the power 2/3 of the perturbation. In our case, the latter condition is satisfied and the perturbation is the magnetization M. Since M scales as N This proves that the system is integrable over a large part of the high energy phase in the CL: λ is not exactly zero only because of finite size fluctuations. In conclusion, we have investigated the Lyapunov instability for a system with long-range forces showing a PT. We found strong finite size effects both in the LLE and in the caloric curve, where a discrepancy between the canonical and microcanonical ensemble predictions is observed in the transition region. We find that this discrepancy is strongly smoothed for N < 500. The system is likely to be too small to accomodate both phases and mimics a 2nd order PT. This interesting finite-size property could explain the puzzling critical behavior recently observed for nuclear multifragmentation. The LLE has been found to be peaked below the canonical PT energy, where kinetic fluctuations are maximal. Its behavior reflects the finite size effects observed for the caloric curve. Moreover it can be firmly linked to the PT by some simple heuristic arguments. Far away from the transition region, we found that the LLE goes to zero with universal scaling laws and we have given some simple arguments to explain them. 
